INTRODUCTION
Let H be a real Hilbert space, and let C be a nonempty closed convex subset of H. A mapping T of C into itself is said to be nonexpansive, if Ž . For a mapping T of C into itself, we denote by F T the set of fixed points of T. We also denote by N and R q the set of positive integers and Ä Ž . S t x y S t y F x y y for each t g R and x, y g C. w x Baillon 1 proved the first nonlinear ergodic theorem: Let C be a nonempty bounded convex closed subset of a Hilbert space H and let T be a nonexpansive mapping of C into itself. Then, for an arbitrary x g C, ÄŽ Ž .. n i 4 ϱ 1r nq1 Ý T x converges weakly to a fixed point of T. Later, w x Recently, Wittmann 9 studied the following iteration scheme, which w x has first been considered by Halpern 4 ,
S t q t x s S t S t x for each t , t g R and x g C;
where a sequence ␣ in 0, 1 is chosen so that lim ␣ s 0, Ý ␣ s n n ª ϱ n n s 1 n ϱ < < w x ϱ, and Ý ␣ y ␣ -ϱ; see also Reich 7 . Wittmann proved that for ns 1 nq1 n Ä 4 any x g C, the sequence x converges strongly to the unique element n Ž .
Ž . Px g F T , where P is the metric projection of H onto F T .
In this paper, we deal with the strong convergence to common fixed points of families of nonexpansive mappings in a Hilbert space. We first Ä consider an iteration scheme for a finite commutative family T ; i s i 4 1, 2, . . . , n of nonexpansive mappings and prove that the iterates converge strongly to a common fixed point of the mappings T , i s 1, 2, . . . , n. i Further we consider an iteration scheme for a nonexpansive semigroup Ä Ž . 4 S t : t G 0 on C. Then we prove that the iterates converge strongly to a Ž . common fixed point of the mappings S t , t G 0.
CONVERGENCE THEOREM FOR FINITE MAPPINGS
Let C be a closed convex subset of a Hilbert space H and let S, T be nonexpansive mappings of C into itself such that ST s TS. Then we consider the iteration scheme
w x where ␣ is a sequence in 0, 1 . We know from the Abel᎐Dini theorem 
Now we can prove a strong convergence theorem for two commutative mappings in a Hilbert space.
THEOREM 1. Let H be a Hilbert space, and let C be a nonempty closed con¨ex subset of H. Let S and T be nonexpansi¨e mappings of C into itself
Ž .
Ž . Ä 4 ϱ such that ST s TS and F S l F T is nonempty. Suppose that ␣ :
n ns0
ns0 n Ä 4 ϱ Then, for an arbitrary x g C, the sequence x generated by x s x and n ns0 0
con¨erges strongly to a common fixed point Px of S and T, where P is the Ž . Ž . metric projection of H onto F S l F T .
Ž .
Ž for each n G n . Hence we have, for n G n ,
Putting a s x y Px , we have Remark. We can easily generalize Theorem 1 for a finite commutative family of nonexpansive mappings. Let C be a closed convex subset of a Hilbert space H and let S t tg R be a nonexpansive semigroup on C. Then we consider the iteration scheme
is a sequence in 0, 1 and t is a positive real divergent n ns0 n ns0
sequence.
To prove a strong convergence theorem for a nonexpansive semigroup, we need the following lemma. Ž .
Ä 4
On the other hand, since y converges weakly to g, we have
